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Abstract
In this paper, we consider a poroelasticity problem in heterogeneous multicontinuum media that
is widely used in simulations of the unconventional hydrocarbon reservoirs and geothermal fields.
Mathematical model contains a coupled system of equations for pressures in each continuum and
effective equation for displacement with volume force sources that are proportional to the sum of the
pressure gradients for each continuum. To illustrate the idea of our approach, we consider a dual
continuum background model with discrete fracture networks that can be generalized to a multicon-
tinuum model for poroelasticity problem in complex heterogeneous media. We present a fine grid
approximation based on the finite element method and Discrete Fracture Model (DFM) approach
for two and three-dimensional formulations. The coarse grid approximation is constructed using the
Generalized Multiscale Finite Element Method (GMsFEM), where we solve local spectral problems
for construction of the multiscale basis functions for displacement and pressures in multicontinuum
media. We present numerical results for the two and three dimensional model problems in hetero-
geneous fractured porous media. We investigate relative errors between reference fine grid solution
and presented coarse grid approximation using GMsFEM with different numbers of multiscale basis
functions. Our results indicate that the proposed method is able to give accurate solutions with few
degrees of freedoms.
1 Introduction
Mathematical models of the poroelasticity problems in multicontinuum media for heterogeneous frac-
tured media are used for simulation of the unconventional hydrocarbon reservoirs, geothermal fields,
underground disposal of radioactive waste in subsurface collectors, etc [1, 2, 3, 4, 5]. Mathematical model
is described by a system of equations for pressures in each continuum and equation for displacements.
The most important feature of the mathematical model is that the equations are coupled. We can high-
light two main coupling types: (1) multicontinuum pressures coupling via mass transfer term [6, 7, 8],
and (2) pressure and displacement coupling via term that describes the compressibility of the medium
and volume force which is proportional to the pressure gradient [9, 10].
Mathematical models for flow in the multicontinuum media is used for describing of the complex flow
processes in multiscale fractured heterogeneous porous media [11, 12, 13, 14]. The flow in fractures has a
significant impact on filtration processes and requires careful consideration [15, 16]. Moreover, since the
fractures are characterized by high permeability and their thickness is significantly smaller than the size of
the simulated field, this leads to the need to build special mathematical models of multicontinuum, where
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independent variables are distinguished to describe the flow in a porous medium and in the network
of fractures taking into account the special flow function [17, 18, 19]. At the same time, the size of
fractures should be separated, since they can exist on different scales and can differ in the nature of their
occurrence. In the case of naturally fractured porous media, the fracture system is basically connected
and dual porosity models are traditionally used [6, 7]. The interaction of the continua is described by
specifying the flow functions between continua (mass transfer) [20, 18, 3].
For numerical simulation of the problems in fractured and heterogeneous porous media, we should use
a sufficiently fine grid that resolve all small scale features in the level of mesh construction. Therefore,
the discrete formulation of such problems leads to the large system of equations that is computationally
expensive. To reduce the size of the discrete system, various multiscale methods have been developed
[21, 22, 23, 24, 25, 26]. In [27, 28], the multiscale finite volume method was presented for solution of the
flow problems in fractured porous media. Multiscale finite volume method for solution of the poroelasticity
problem is presented in [29]. Generalized multiscale finite element (GMsFEM) for solution of the flow
problems in fractured porous media is considered in [30, 31]. In [32, 33], we considered construction of
the coarse grid problem for poroelasticity problem in heterogeneous media. Extension of the GMsFEM
method for solution of the poroelasticity problem in fractured media with discontinuous Galerkin method
for displacements and continuous Galerkin method for pressure is presented in our previous work [17].
Recently a new method was presented for solution of the flow and poroelasticity problems in fractured
and heterogeneous porous media [34, 35, 36]. Generalization of the GMsFEM and NLMC approach for
solution of the flow problems in multicontinuum media is considered in [3, 37].
In this paper, we consider the Generalized Multiscale Finite Element method for solution of the poroe-
lasticity problems in multicontinuum heterogeneous media. We construct a multiscale basis functions for
pressures and displacement. Construction of the basis functions for flow problem in multicontinuum media
is based on the solution of the coupled system of equations in each local domains. Method automatically
identify each continuum flow features via solution of the local spectral problems. For displacement, we use
similar approach where main features are captured by the local spectral problem. We numerically inves-
tigate presented method for two and three-dimensional model problems in fractured and heterogeneous
porous media.
The work is organized as follows. In Section 2, we present the mathematical model of the poroelasticity
problem in multicontinuum medium. Then in Section 3, a fine grid approximation is constructed using the
finite element method. In Section 4, we present a coarse grid approximation using Generalized Multiscale
Finite Element method, where we describe construction of the multiscale basis functions and coarse grid
system construction. Numerical results for two and three-dimensional model poroelasticity problems are
presented in Section 5. Finally, we present Conclusions.
2 Mathematical model
Let Ω ⊂ Rd is the computational domain for background medium with dual continuum approach, where
d = 2 for two-dimensional problems and d = 3 for three-dimensional problems. For example, the first
continuum can describe a flow in the matrix of the porous media, and the second continuum belongs to the
network of small highly connected fracture network. Furthermore, we define γ ∈ Rd−1 as a computational
domain for low dimensional fracture networks model that describes the flow in the large-scale fractures.
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For the fluid flow in the poroelastic medium, we have the mass balance equation and the Darcy’s law
α1
∂ div u
∂t
+
1
M1
∂p1
∂t
+ div q1 + q12 + q1f = f1, x ∈ Ω,
q1 = −k1 grad p1, x ∈ Ω,
α2
∂ div u
∂t
+
1
M2
∂p2
∂t
+ div q2 − q21 + q2f = f2, x ∈ Ω,
q2 = −k2 grad p2, x ∈ Ω,
αf
∂ div u
∂t
+
1
Mf
∂pf
∂t
+ div qf − qf1 − qf2 = ff , x ∈ γ,
qf = −kf grad pf , x ∈ γ,
(1)
where u is the displacement, qi is the velocity, pi is the pressure, κi is the permeability (ki = κi/µ, µ is
the fluid viscosity), fi refer to source and sink terms, αi is Biot coefficients, Mi is the Biot modulus and
i is continuum index (i = 1, 2, f).
Here q12, q1f and L2f are the transfer term between first and second continua; fist continuum and
fractures; and second continuum and fractures, respectively. We have
q12 = q21 = r12(p1 − p2), rif = ηirif (pi − pf ), rfi = ηfrif (pi − pf ),
and
∫
Ω
q12dx =
∫
Ω
q21dx,
∫
Ω
qifdx =
∫
γ
qfids, ηi is the geometric factor and rij is the mass transfer term
that proportional to the continuum permeabilities.
For the mechanics of the poroelastic multicontinuum media, we use an effective equation for dis-
placement with volume force sources that proportional to the sum of the pressure gradients for each
continuum.
− div σT (u, p1, p2, pf ) = 0, x ∈ Ω,
σT (u, p1, p2, pf ) = σ(u)−
∑
i=1,2,f
αipiI, x ∈ Ω, (2)
where σT is the total stress tensor, σ is the stress tensor [17, 36, 10]. In the case of a linear elastic
stress-strain constitutive relation, we have
σ(u) = 2µε(u) + λ div u I, ε(u) = 1
2
(gradu+ graduT ),
where ε is the strain tensor, λ and µ are the Lame’s coefficients.
Then, we have the following coupled system of equations
α1
∂ div u
∂t
+
1
M1
∂p1
∂t
− div ·(k1 grad p1) + q12 + q1f = f1, x ∈ Ω,
α2
∂ div u
∂t
+
1
M2
∂p2
∂t
− div ·(k2 grad p2)− q21 + q2f = f2, x ∈ Ω,
αf
∂ div u
∂t
+
1
Mf
∂pf
∂t
− div ·(kf grad pf )− qf1 − qf2 = ff , x ∈ γ,
−div σ(u) + α1 grad p1 + α2 grad p2 + αf grad pf = 0, x ∈ Ω.
(3)
We consider a system of equations (3) with the following initial conditions
p1 = p2 = pf = p
0, u = 0, x ∈ Ω, (4)
and boundary conditions
pf = g, x ∈ Γγ − kf ∂pf
∂n
= 0, x ∈ ∂γ/Γγ ,
−k1 ∂p1
∂n
= 0, x ∈ Ω, −k2 ∂p2
∂n
= 0, x ∈ Ω,
u = 0, x ∈ ΓD σ = 0, x ∈ ΓN ,
(5)
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where boundaries ΓD ∪ ΓN = ∂Ω and Γγ = ∂Ω ∩ ∂γ.
We can generalize presented model as poroelasticity model for multicontinuum media
αi
∂ div u
∂t
+
1
Mi
∂pi
∂t
− div ·(ki grad pi) +
∑
j 6=i
rij(pi − pj) = fi, x ∈ Ω,
−div σ(u) +
∑
j
αj grad pj = 0, x ∈ Ω.
(6)
where i = 1, ...,M and M is the number of continua.
3 Fine grid finite element approximation
For the approximation of the system of equations (3) with boundary conditions (5), we use a finite element
method. To do so, we define the following functional spaces
V = {v ∈ H1(Ω) : v = 0 on ΓD}, W1 = W2 = H1(Ω),
Wf = {w ∈ H1(γ) : w = g on Γγ}, Wˆf = {w ∈ H1(γ) : w = 0 on Γγ}.
The variational formulation of the poroelasticity problem in multicontinuum media can be written as
follows: find (p1, p2, pf , u) ∈W1 ×W2 ×Wf × V such that
di
(
∂u
∂t
, wi
)
+ ci
(
∂pi
∂t
, wi
)
+ bi(pi, wi) +
∑
j
qij(pi − pj , wi) = l(wi), ∀wi ∈Wi,
a(u, v) +
∑
j
gi(pi, v) = 0, ∀v ∈ V,
(7)
where bilinear and linear forms are following
bi(pi, wi) =
∫
Ωi
ki∇pi · ∇widx, l(wi) =
∫
Ωi
fiwidx,
ci(pi, wi) =
∫
Ωi
1
Mi
piwi dx, di(u,wi) =
∫
Ωi
αi div uwi dx,
qij(pi − pj , wi) =
∫
Ωi
rij(pi − pj)wi dx,
a(u, v) =
∫
Ω
σ(u) · ε(v) dx, gi(pi, v) =
∫
Ωi
αi grad piv dx,
and Ω1 = Ω2 = Ω, Ωf = γ, i = 1, 2, f .
Let T h denote a finite element partition of the domain Ω. For the fracture continuum, we use a
discrete fracture model and use an unstructured fine grid T h that explicitly resolve fracture geometry.
We assume that ∪jγj is the subset of faces for T h that represent fractures, where j = 1, ..., Nfrac and
Nfrac is the number of discrete fractures. For approximation by time, we use an implicit finite difference
scheme with time step τ . Therefore, we have following discrete system in matrix form on the fine grid
for the triple-continuum media and yh = (ph1 , p
h
2 , p
h
f , u
h)T
C
yh − yˇh
τ
+Ayh = F, (8)
where
C =

C1 0 0 D1
0 C2 0 D2
0 0 Cf Df
0 0 0 0
 , A =

A1 +Q12 +Q1f −Q12 −Q1f 0
−Q12 A2 +Q12 +Q2f −Q2f 0
−Q1f −Q2f Af +Q1f +Q2f 0
DT1 D
T
2 D
T
f Au

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and F = (F1, F2, Ff , 0)
T , yˇh is the solution from the previous time step. Here
Ai = [ai,ln], ai,ln =
∫
Ωi
ki gradφ
i
l · gradφindx, Au = [au,ln], au,ln =
∫
Ω
σ(Φl) · ε(Φn)dx,
Qij = [qij,ln], qij,ln =
∫
Ωi
rijφ
i
lφ
j
ndx, Ci = [ci,ln], ci,ln =
∫
Ωi
1
Mi
φilφ
i
ndx,
Di = [di,ln], di,ln =
∫
Ω
αi div Φlφ
i
ndx, Fi = [fi,l], fi,l =
∫
Ωi
fiφ
i
ldx,
and pi =
∑
l p
h
i,lφ
i
l, u =
∑
l u
h
l Φl, where Φl is the linear basis functions for displacements, φ
1
l = φ
2
l is the
d - dimensional linear basis functions for pressure, φfl is the (d − 1) - dimensional linear basis functions
for pressure.
In this paper, for simplification of the matrix construction, we use a modified DFM approach and
consider the case when αf = 0, σ2f = 0. We assume that p
h
1 = p
h
f and using superposition principle
[30, 31], we eliminate phf from equations and obtain following coupled system of equations for y
h =
(ph1 , p
h
2 , u
h)T
C˜
yh − yˇh
τ
+ A˜yh = F˜ ,
where
C˜ =
C1 + Cf 0 D10 C2 D2
0 0 0
 , A˜ =
A1 +Af +Q12 −Q12 0−Q12 A2 +Q12 0
DT1 D
T
2 Au
 , F˜ =
F1 + FfF2
0
 .
with matrices of the size Nh = 4Nv, Nv is the number of vertices in T h.
4 Coarse grid approximation using GMsFEM
For construction of the coarse grid approximation of the poroelasticity problems in fractured and hetero-
geneous media, we use a Generalized Multiscale Finite Element Method (GMsFEM). GMsFEM contains
following steps:
1. coarse grid and local domains construction;
2. solution of the local problems with different boundary conditions to construct a snapshot space in
each local domain;
3. multiscale basis functions construction via solution of the local spectral problems on the snapshot
space;
4. generation of the projection matrix using local multiscale basis functions;
5. construction of the coarse grid system using projection matrix;
6. solution of the unsteady problem on the coarse grid and reconstruction of the fine grid solution.
In this computational algorithm, first four steps are offline (preprocessing) steps for a given fracture
geometry and heterogeneity. Fifth step is also offline for linear problems and time - independent right-
hand side, but should be online step for nonlinear problems, where fine grid system is change on each
nonlinear or/and time iteration. After that on the sixth (online) step, we can perform fast and accurate
solution of the reduced order model on the coarse grid.
In this work, we construct multiscale basis functions for displacements and pressures separately, but
basis functions for multicontinuum pressure equations are constructed in the coupled way. We start
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with definition of the snapshot space, after that we define a local eigenvalue problems for pressures
and displacements. Finally, we define projection matrix and present construction of the coarse grid
poroelasticity system on the multiscale space. Let T H is the coarse grid partitioning of the domain
T H =
⋃
j
Kj ,
where Kj is the coarse grid cell. We will use a continuous Galerkin approximation on the coarse grid,
and define local domain ωl for multiscale basis functions as combination of the several coarse grid cells
that share same coarse grid node (l = 1, ..., NHv , N
H
v is the number of coarse grid vertices).
Multiscale basis functions for pressures in multicontinuum media. To construct a snapshot
space, we solve following local problem in domain ωl: find ψ
l,j = (ψl,j1 , ..., ψ
l,j
M ) ∈ Wh1 × ... ×WhM such
that
bi(ψ
l,j
i , wi) +
∑
j
qij(ψ
l,j
i − ψl,jj , wi) = 0, ∀wi ∈ Wˆhi (9)
where
Whi = {w ∈ H1(ωl) : w = δji on ∂ωl}, Wˆhi = {w ∈ H1(ωl) : w = 0 on ∂ωl},
and δji is the piecewise constant function (delta function) for j = 1, .., N
ωl
v (, N
ωl
v is the number of
nodes on the computation mesh for ωl), i is the index of continuum (i = 1, ...,M). Therefore, we solve
Lωlp = N
ωl
v ·M local problems.
We define snapshot space for pressures in multicontinuum media as follows.
Wsnap(ωl) = span{ψl,j , l = 1, ..., NHv , j = 1, ..., Lωlp }. (10)
Next, we solve following local spectral problem on the snapshot space
A˜pφ˜
l = λpS˜pφ˜
l, (11)
where φˆl = (Rpsnap)
T φ˜l and
A˜p = R
p
snapAp(R
p
snap)
T , S˜p = R
p
snapSp(R
p
snap)
T , Rpsnap = (ψ
l,1, ..., ψl,L
ωl
p )T
Here for matrices in triple continuum case, we have
Sp =
S1 0 00 S2 0
0 0 Sf
 , Ap =
A1 +Q12 +Q1f −Q12 −Q1f−Q12 A2 +Q12 +Q2f −Q2f
−Q1f −Q2f Af +Q1f +Q2f

where
Ai = [ai,mn], ai,mn =
∫
ωil
ki gradφ
i
m · gradφindx, Si = [si,mn], si,mn =
∫
ωil
kiφ
i
mφ
i
ndx.
We choose an eigenvector φˆj (j = 1, ..,M
l,p) corresponding to the first smallest M l,p eigenvalues and
multiply to the linear partition of unity functions χl for obtaining conforming basis functions
Wms = span{φl,j , l = 1, ..., NHv , j = 1, ...,M l,p},
where φl,j = χlφˆl,j .
Multiscale basis functions for displacements. We construct the multiscale basis functions by
solution following problem in local domain ωl: find Ψ
l,j ∈ V h such that
a(Ψl,j , v) = 0, ∀v ∈ Vˆ h, (12)
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where
V h = {v ∈ H1(ωl) : v = δ¯ji on ∂ωl}, Vˆ h = {v ∈ H1(ωl) : v = 0 on ∂ωl}.
and δ¯ji is the vector for each component for d - dimensional problem (d = 2, 3) i.e. δ¯
j
i = (δ
j
i , 0, 0) or
δ¯ji = (0, δ
j
i , 0) or δ¯
j
i = (0, 0, δ
j
i ) for d = 3. We solve L
ωl
u = d ·Nωlv local problems.
We define snapshot space for pressures in multicontinuum media as follows
Vsnap(ωl) = span{Ψl,j , l = 1, ..., NHv , j = 1, ..., Lωlu }. (13)
For construction of the multiscale basis, we solve following local spectral problem on the snapshot space
A˜uΦ˜ = λuS˜uΦ˜, (14)
where Φˆl = (Rusnap)
T Φ˜l,
A˜u = R
u
snapAu(R
u
snap)
T , S˜u = R
u
snapSu(R
u
snap)
T , Rusnap = (Ψ
l,1, ...,Ψl,L
ωl
u )T
and
Au = [au,mn], au,mn =
∫
ωl
σ(Φm) · ε(Φn)dx, Su = [si,mn], si,mn =
∫
ωl
(λ+ 2µ)ΦimΦ
i
ndx.
We choose an eigenvector Φˆj (j = 1, ..,M
l,u) corresponding to the first smallest M l,u eigenvalues and
multiply to the linear partition of unity functions for obtaining conforming basis functions
Vms = span{Φl,j , l = 1, ..., NHv , j = 1, ...,M l,u},
where Φl,j = χlΦˆl,j .
Coarse grid system. Using constructed multiscale basis functions, we define projection matrix
R =
(
Rp 0
0 Ru
)
(15)
where
Ru = (Φ
1,1, ...,Φ1,M
1,u
, ...,ΦN
H
v ,1, ...,ΦN
H
v ,M
NHv ,u
)T ,
Rp = (φ
1,1, ..., φ1,M
1,p
, ..., φN
H
v ,1, ..., φN
H
v ,M
NHv ,p
)T .
Finally, we obtain following reduced order model
CH
yH − yˇH
τ
+AHyH = FH ,
where CH = RCRT , AH = RART and FH = RF . with matrices of the size Nf = 4Nv, Nv is the
number of vertices in T h. Size of the system is NH =
∑NHv
l=1 (M
l,p +M l,u) or NH = (M
p +Mu) ·NHv for
Mp = M l,p and Mu = M l,u (∀l = 1, ..., NHv ), where NHv is the number of vertices of coarse grid T H .
After obtaining of a coarse-scale solution, we reconstruct fine-scale solution
yms = RT yH .
We note that, in general, multiscale basis functions for the displacements and pressures can be calculated
by solution coupled poroelasticity problem similarly to the multicontinuum pressures.
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Figure 1: Computation domain and grid for two - dimensional problem. Coarse grid (blue color), fine
grid (green) and fractures (orange)
Figure 2: Computation domain and grid for three - dimensional problem. Coarse grid (blue color), fine
grid (green) and fractures (red)
5 Numerical results
In this section, we consider poroelasticity problem in fractured and heterogeneous media. We consider
two problems in Ω = [0, 10]d (d = 2, 3):
• Two - dimensional model problem. Fine grid contains 14376 vertices and 28350 cells. Coarse grid
contains 121 vertices and 100 cells (Figure 1);
• Three - dimensional model problem. Fine grid contains 21609 vertices and 118500 cells. Coarse grid
contains 216 vertices and 125 cells (Figure 2).
We set parameters of model problem as follows: α1 = 1, α2 = 1, αf = 0, M1 = M2 = Mf = 10
8. The
calculation is performed by Tmax = 100 with time step τ = 10 for two - dimensional problem. For three
- dimensional problem, we set Tmax = 6000 with time step τ = 300. Initial condition is p
0 = 0.1 ∗ 107
and g = 0.2 ∗ 107 for pressure boundary condition.
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To compare the results, we use relative errors L2 between multiscale solution and fine-scale solution
epiL2 =
(∫
Ω
(pi − pmsi )2dx∫
Ω
p2i dx
)1/2
, euL2 =
(∫
Ω
(u− ums)2 dx∫
Ω
u2 dx
)1/2
,
where i is the index of the continuum (i = 1, 2), yms = (pms1 , p
ms
2 , u
ms) is the multiscale solution using
GMsFEM and y = (p1, p2, u) is the fine grid solution.
We use DOFh (Degree of Freedom) to denote fine grid system size and DOFH to denote problem size
of the coarse scale system using GMsFEM. On GMsFEM, we choose a same number of multiscale basis
functions in each local domains M = Mp = Mu, where Mp and Mu are the number of basis functions.
We use GMSH software to construct computational domains and grids [38]. The implementation is based
on the open-source library FEniCS [39].
5.1 Two-dimensional problem
We simulate a two-dimensional model problem in heterogeneous fractured porous media. We set kf =
10−4 and r12 = 1000·k2. Heterogeneous coefficients for elasticity modulus and heterogeneous permeability
for first and second continuum are presented in Figure 3.
Figure 3: Elasticity parameter E (left) and heterogeneous permeabilities k1(center) and k2(right) for two
- dimensional problem
In Figures 4 distribution of pressure for first continuum and second continuum, displacement along X
and Y directions at final time are presented. On the first row, we depict a fine scale solution and multiscale
solution with 16 multiscale basis functions for GMsFEM is presented on second row. Comparing the fine-
scale solution with the multiscale solution with 16 basis functions in Figure 4 for displacement along X
and Y pressure, we can observe good accuracy. In general, solutions look good without visible oscillations.
In Table 1, we present an errors for 5 × 5 and 10 × 10 coarse grid with M = Mp = Mu. The results
show that 8 multiscale basis functions are enough to achieve good results with 4.406% of L2 error for
displacement, 1.172% and 0.384% of L2 errors for first continuum and second continuum pressures. When
we increase number of the multiscale basis functions, the relative L2 errors are decrease two times when
we take two multiscale basis functions instead of one. We have similar improvements for further increasing
of the multiscale basis functions.
Table 2 shows a comparison of the difference between multiscale and fine grid solutions, where we
present relative L2 for different number of the multiscale basis functions on the coarse grid 10×10. From
the Table 2, we observe that number of basis functions for pressure Mp highly impact to the displacements
errors. For example in the case Mu = 2, we have 40% of L
2 displacements error when we have 2 multiscale
basis functions for pressure, and reduce error to 9% for Mp = 8. In conclusion, according to the results of
the comparison, we observe a good convergence of the method when we increase number of the multiscale
basis functions.
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Figure 4: Numerical results for two - dimensional problem. Pressure for first continuum and second
continuum, displacement X and Y directions at final time (from left to right). First row: fine scale
solution. Second row: multiscale solution using 16 multiscale basis functions
M DOFH
p1 p2 u
ep1L2 (%) e
p2
L2 (%) e
u
L2 (%)
Coarse mesh 5× 5
1 144 28.501 9.514 93.582
2 288 24.552 7.933 90.760
4 576 10.228 3.258 53.017
8 1152 5.695 2.080 27.283
12 1728 2.526 0.887 12.646
16 2304 1.755 0.582 9.076
Coarse mesh 10× 10
1 484 24.385 7.825 111.247
2 968 11.947 3.906 40.595
4 1936 5.046 1.766 21.797
8 3872 1.172 0.384 4.406
12 5808 0.270 0.149 3.166
16 7744 0.154 0.083 2.410
Table 1: Relative errors (%) for displacement and pressures with different number of multiscale basis
functions for two - dimensional problem. Coarse grids 5× 5 and 10× 10. DOFh = 57504
5.2 Three-dimensional problem
We simulate a three-dimensional model problem in heterogeneous fractured porous media. We set kf =
10−4 and r12 = 25 · k2. Heterogeneous coefficients for elasticity modulus and heterogeneous permeability
for first continuum and second continuum are presented in Figure 5.
In Figures 6-7 distribution of pressure for first continuum and second continuum, displacement along
X,Y and Z directions at the final time are presented. On the first row, we depict a fine scale solution
and multiscale solution with 16 multiscale basis functions for GMsFEM is presented on second row. We
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Mu DOFH
p1 p2 u
ep1L2 (%) e
p2
L2 (%) e
u
L2 (%)
Mp = 1
1 484 24.385 7.825 111.247
Mp = 2
1 726 11.905 3.741 72.299
2 968 11.947 3.906 40.595
Mp = 4
1 1210 5.029 1.723 51.183
2 1452 5.046 1.772 23.402
4 1936 5.046 1.766 21.797
Mp = 8
1 2178 1.169 0.585 38.968
2 2420 1.170 0.426 9.469
4 2904 1.170 0.406 8.285
8 3872 1.172 0.384 4.406
Mp = 12
1 3146 0.302 0.504 38.068
2 3388 0.272 0.237 8.940
4 3872 0.271 0.194 7.705
8 4840 0.271 0.154 3.814
12 5808 0.270 0.149 3.166
Mp = 16
1 4114 0.212 0.485 37.974
2 4356 0.156 0.196 9.044
4 4840 0.155 0.148 7.775
8 5808 0.155 0.095 3.836
12 6776 0.155 0.087 3.211
16 7744 0.154 0.083 2.410
Table 2: Relative errors (%) for displacement and pressures with different number of multiscale basis
functions for two - dimensional problem. Coarse grid 10× 10. DOFh = 57504
Figure 5: Elasticity parameter E (left) and heterogeneous permeabilities k1(center) and k2(right) for
three - dimensional problem
observe a good results of the multiscale method compared with the fine grid solution.
Table 3 shows a comparison of the difference between multiscale and fine grid solutions. We present
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Figure 6: Numerical results for three - dimensional problem. Pressure for first continuum and second
continuum (from left to right). First row: fine scale solution. Second row: multiscale solution using 16
multiscale basis functions
relative L2 for displacements and pressures. For three - dimensional model problem using 8 multiscale
basis functions, we have 11.773% of L2 error for displacement, 3.709% and 4.052% of L2 errors for first
continuum and second continuum pressures. When we take 16 multiscale basis functions, we obtain two
times better results with 5.881% of L2 error for displacement, 1.887% and 2.063% of L2 errors for first
continuum and second continuum pressures. For the three-dimensional problem, we also observe good
convergences for the poroelasticity problem in heterogeneous and fractured media.
6 Conclusion
In this work, we considered the poroelasticity problem in heterogeneous and fractured medium. We
presented a mathematical model and fine grid approximation using finite element method for general
multicontinuum poroelasticity problem. We developed a generalized multiscale finite element framework
and explained construction of the multiscale basis functions. We presented results of the numerical
investigation for model problems in two and three-dimensional formulations. We compared a relative
error between multiscale and fine-scale solutions for different number of multiscale basis functions. The
proposed multiscale method provides a good accuracy for two and three-dimensional problems in hetero-
geneous fractures media with few degrees of freedoms.
12
Figure 7: Numerical results for three - dimensional problem. Displacement X, Y and Z directions at
final time (from left to right). First row: fine scale solution. Second row: multiscale solution using 16
multiscale basis functions
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